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The lateral dism'bution of integral proteins in a fluid membrane is studied in a phenomenological model. The 
deelrical interaction of file proteins (forming ion channels and bearing dectrophoretie charges) ~ t h  the 
me~abrane potential is considered. Stationary and oscillatory patterns appear far from deetrochemical 
equilibrium under conditions which may well exist in nalm~l membranes. 

Lateral structures in biological membranes may 
appear to be incompatible with the model of a 
'fluid-mosaic" of proteins floating freely in a liquid 
lipid bilayer [1]. However, a homogeneous fluid 
mosaic of ion channels |2,3] with electrophoretic 
charges [4,5] may become structurally unstable as 
a result of its coupling to the electrical membrane 
potential [6,12]. The nonlinear dynamics of two 
kinds of mobile charged channels in a cable is 
studied by numerical integration. Far from elec- 
trochemical equilibrium the fluid mosaic forms 
coherent patterns such as stationary, oscillatory 
and solitary waves. 

Let us consider a cylinder made of a lipid 
bilayer embedded in electrolyte. The membrane 
potential V M as a function of space x and time t 
is governed by the balance of current densities 
according to the cable equation [71: 
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Correspondence: P. Fromherz, Abteilun8 Biophysik der Uni- 
versit~t Ulm, D-7900 Uim-Eselsbetp~ F.R,G. 

The conductivity of the membrane due to chan- 
nels A and B is expressed by the conductances A A 
and As and by the densities per unit length NA 
and N a. E ° and En ° are the reversal potentials. 
R t is the resistance per unit length of the core, 
neglecting the resistance of the bath. C M is the 
capacitance per unit length. 

The density of the channels may change due to 
lateral diffusion and eleclrophoretic drift: 

aN  ̂ [ aNA av~ l 
- -  = D ~ q ^  at A' a'x'x L "-~-x + NA" ~-'T" --~x'" 1 (2) 

at ax I a x  kT --~-x I (3) 

D A and D B are the diffusicn coefficients, qA 
and qa are electrophoretic charges exposed to the 
core. k T  is the thermal ener[y. The number of A- 
and B-channels is constant as given by the average 
densities N A and N a in a cable of length lu. For 
tight ends the constraints are aVM/Sx  = ONA/ax  
= ONd'~x  ffi 0 at x -- O, I M. 

The coupled nonlinear Eqns. 1-3 describe an 
ideed fluid mosaic of charged channels on a phe- 
nomenologieal level with neglect of short range 
interactions. 
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Numerical integrations of Eqns. 1-3 are shown 
in Fig. 1 for selected parameters, starting from the 
homogeneous stationary state NA ffi-~a, We = Ns 
with a small symmetrical perturbation. 

Space is scaled by the length constant ~ = (R t -  
~-)-t/2 with the conductivity G--  A~ , . .~A+Aa .  
NB- The length of  the cable is IM/I~ = 10, Time is 
scaled by three time constants ev - CM/C,,  "rA 
~2/rD A and % :- ~z/ ,~, ,  The potential relaxes fast 
with respect to the motion of  the A-channels with 
e v =  ¢J100 .  The A-channels move faster than the 
B-channels with c A -  ¢B/10. The composition of 
the membrane is characterized by the fractions of  
conductivity a A = A A "  N ^ / G  and a a ffi A a" N s / G  

with aa  = a s  ffi 0.5. The coupling of the channels 
to the potential is characterized by the 'drive' 
parameters CA = ( E°n - E ° )  • q ^ / k  T and ca = (Ea ° 

- E ° )  • q s / k T  with CA ---- 20 and es ffi 8, - 8 ,  - 2 0  
and - 100. 

Let us consider a qualitative interpretation of 
the patterns. 

For convenience let E ° = 50 mV and Ea ° = - 50 
inV. With this choice an electrical current flows 
inwards through an A-channel such that a positive 
local perturbation of  the potential is induced. 
Through a B-channel the current flows outwards 
with a concomitant negative local perturbation of 
the potential. 

A drive parameter c A = 20 corresponds to a 
negative charge qa = - 5co (e0 elementary charge, 
k T / e o - - 2 5  mV). Each A-channel is attracted by 
other A-channels and repelled by the B-channels 
due to the lateral electrical fields as created by the 
lateral spread in the core of inward and outward 
current, respectively. 

A drive parameter ~ a = 8 corresponds to a posi- 
tive charge 7a = 2eo. Each B-channel is attracted 
by other B-channels and repelled by the A-chan- 
nels. "B likes B, B dislikes A" with 'A  likes A, A 
dislikes B'. The fluid mosaic decomposes into 
'droplets" along the cable rici, in A- and B-chan- 
nels (Fig. la). (a = - 8  corresponds to a negative 
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Fi$. t. Spatiolempora[ patterns in a cable. Top row: membrane polcntial V M, Second row: density N A of A-channels. Bottom row: 
density Ns of B-channds, In each figure space is plotted from left to right and time from back to front. The length equals ten 
electrical length constants: ! M = I0~. The total time equals seven time constants of ~he B.channels: t,., ffi 7~a, In the top row the 
upper and lower plane mark the reversal potentials E~ and £o. respectivdy. The levels of the average densiti~ ~t A and NB are 
indicated by the initial profiles. The four columns refer to (a) (R = 8. (b) (, ffi -8, (¢) % ,~ -20 and (d) c a = -100, The other 
paramelers are (^ = 20. a^ = an ~ 0.5, cA = ~./I0 and ev ~- Ta/100. Forward integration is appti~ using an EuIer algorithm in real 
space for 51 lattice points. Increments in space and time are ~x = ~/~ and At = ~v/lO0. At the start the number of A-channels in 

the central lattice point is enhanced by 20~g. The symmetrical perturbation triggers symmetrical patterns. 
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charge qB-- -2Co. Each B-channel is repelled by 
other B-channels and attracted by the A-channels. 
'B dislikes B moderately, B likes A moderately' 
with 'A likes A, A dislikes B'. A droplet of A- 
channeis induces a droplet of B-channels (Fig. 
lb). ca = - 2 0  corresponds to q a =  -5en.  'B dis- 
likes B hesitantly, B likes A hesitantly' with 'A 
likes A, A dislikes B'-taking into account the time 
constants. The delayed attraction of the 8-chan- 
nels is so effective that an A-droplet spreads and 
splits at a certain threshold into two fragments 
which move at constant shape and velocity (Fig. 
le). Finally eR = -100  corresponds to qB = 
-25eo.  "B dislikes B hesitantly but intensively, B 
likes A hesitantly but intensively' with 'A likes A, 
A dislikes B'. Formation and decay of droplets 
occur as a smooth oscillation due to the strong 
.interaction of the damping B-channels (Fig. ld). 

An accumulation of channels pulls the mem- 
brane potential towards the corresponding rever- 
sal potential (Fig. 1, top row). Inward and out- 
ward currents through accumulations of A- and 
B-channels are connected to voTtiees by ~he cut- 
rents along core and hath. Oscillating patterns 
imply oscillating vortices. 

A systematic assignment of the patterns to the 
parameters is obtained from linear analysis. 

Let us consider periodic perturbations of the 
stationary homogeneous state as ( NA - N,,,)/ NA -- 
a.- cos q .  x / ~ ,  (_N. - N ~ ) / N .  = t,q- :os  q. x/~ 
and (VM-  ER)/(  E ~ -  E~) = O q COS q" x/~. q= 
n~r~/lra is the normalized wavenumber with the 
order of the eigeP~odes n= 1, 2 . . . .  ff.R =a^E°a 
+ a~Eg is the average resting potential. Insertion 
of this ansatz into Eqns. 1-3 leads to a linearized 
dynamics of the amplitudes aq, bq and vq. In case 
of ~ast electrical relaxation the potential is defined 
by the channel densities as vq--txA.a ~ • ( a q -  
bq)/(1 + q~). The linear rate equations for the 
channel modes are then: 

a~/dt= (e : /4 ,A) [ ( t ' ^ -4 ) -u~-  P,-bq I (4} 

ab~/a~ = ( ¢ ~ / 4 , , ) 1 -  e~. ~q ÷ (e~-4) .bql  (s) 

The 'pump" parameters PA and PB are defii,ed 
as PA- ' :d ' '~A'aA'aS/(I  +qZ) and P n = 4 " c n "  
an '  aA/(1 + q2). The diagonals of Eqns. 4 and 5 
refer to the selfinteraetion of the modes of A- and 
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Fig. 2. Phase plane of Ihe parameters P  ̂~nd PB for a ratio of 
rime constants "rB/T -̂---lfi. The phase lx~ints for IM/~---lO, 
(A- 20 and on= 8, -8, -20, -100 are marked by triangles, 
squares, hexagons and circles, respeclively, with respect to lhe 
even modes n - 2, 4+ 6, 8+ 12 as aligned along rays from fight 
to lefl. Growing modes are marked by [uft symbols, decaying 

modes and the virtual mode n = 0 by open symbols. 

B-channels as mediated by the potential, the off- 
diagonals refer to the cross interactions. 

Stability and instability of the fluid mosaic are 
indicated by the coefficients of F__xtns. 4 and 5 as 
iUustrated in the phase plane P^/PB of Fig. 2. The 
homogeneous cable is stable for nesative trace and 
positive determinant (Tt < 0, A > 0) as a focus 
(Tr 2 < 4z5) or node (Tr 2 > 4Z~). The homogeneous 
cable is unstable for positive trace and positive 
determinant (Tr > 0, A > O) as node or focus and 
for negative determinant (A < 0) as a saddle. 

Let us assign the patterns of nonfinear dy- 
namics (Fig. 1) to the phase plane of linear dy- 
namics (Fig. 2). 

For IM/~ = 10, c^ = 20 and c~ = 8 the modes 
n = 2, 4, 6 arc in the re[,ime of saddle imtabiiity 
(Fig. 2). The fundamental of the stationary wave 
of nonlinear dynamics corresponds to the mode 
n - - 4  (Fig. 1). For c a - - - 8  the mode n = 2 is 
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distinctly within the regime of saddles (Fig. 2). 
The fund, mental of the stationary wave corre- 
sponds to n = 2 (Fig. 1). In the regime of saddle 
instability the nonlinear system exhibits bistability 
such that the sign of the symmetrical initial per- 
turbation defines the location of the maximas and 
minimas of the stationary wave. For ~B = - 2 0  the 
modes n = 2, 4 are in the regime of node instabil- 
ity (Fig. 2). The nonlinear system approaches a 
limit cycle (Fig. 1). The pattern of autonomous 
switching is reminiscent of the bistability of the 
saddle. Phase-locked coupling to modes of high 
order gives rise to sharp l~eaks of the quasista- 
tionary phases and of the propagating pulses. For 
¢e = -100  a single mode n = 2 is in the regime oI 
focus instability (Fig. 2). The influence of fast 
relaxing higher modes is weak. The system ex- 
hibits a harmonic vibration of a standing wave 
(Fig. 1). 

For short time constants of the B-channels the 
range of instability of loci and nodes shrinks 
(reduced inclination of the line Tr = 0 in Fig. 2). 
Concomitantly the oscillatory solutions are sup- 
pressed. In case of ¢~ < ca the roles of A- and 
B-ehannds are reversed. For high values of ~, the 
wavelength of the patterns becomes shorter with 
sharper peaks. Propagating droplets exhibit the 
character of solitons bouncing forth and back in 
the cable. Note, that the Eqns. 1-3 are prone to 
deterministic chaos. For low values of cA, very 
negative values of cB or low values of IM/~ all 
modes are si,,ifted into the range of stability (Tr < 
0, z~ > 0). Patterns are not induced by small inho- 
mogeneities. In membranes of arbitrary shape (e.g. 
spheres, ellipsoids) the features of the dissipative 
patterns are found to be analogous - mutatis 
mutandis. 

The conditions of structural instability of the 
fluid mosaic are not very stringent. Selforgani- 
zation occurs above PA-----4 i.e. above a drive 
parameter E A = 4 in case of aA = CrB ~-0.5 in the 
limit q = 0. Differences of reversal potentials of 
100 mV are quite common in cells. Eiectrophoretic 
charges of membrane proteins of 5eo have been 
observed [8]. Thus c~, = 20 is certainly within the 
competence of natural membrapes. The time con- 
stant *A = ~2/DA is in the order of minutes for a 

diffusion coefficient D~, = 1 ~m2/s in a fluid bi- 
layer [9] at a length constant ~ = 10 tim. The 
condition of adiabatic relaxation of the potential 
is met safely at an electrical time constant *'v = 1 
ms, The lower mobility of B-channels may be 
attained by interaction with the dell skeleton. 

In a biological membrane the coherent patterns 
of channels and of potential may be of direct 
functional relevance in developing or adult cells or 
they may play a role as morphogenetic fidds 
[10311 inducing intracellular differentiation. The 
structural instability is controlled by isotropic 
global parameters as by the activity of ion pumps 
(reversal potential in the drive parameters), by 
chemical gating (fractions of conductivity) and by 
growth (wavenumber of the eigenmodes). Pattern 
formation is triggered by intrinsic fluctuations. 

The dissipative structures in membranes as de- 
scribed in the present paper are a physical conse- 
quence of concepts which are generally accepted. 
Arbitrary mechanisms or parameters are not in- 
voked. The formulation is restricted to the model 
of an ideal fluid mosaic of charged channels, in a 
real membrane short range interactions of the 
proteins are involved, of course. The ideal model 
provides explicit relations for the control of pat- 
terns by electrogenic activity, by channel gating 
and by cellular growth which may be tested by 
experiments in natural and reconstituted mem- 
branes. 
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